Malaria epidemics are detrimental to the health of many people and economies of many countries. There 5 exist methods of malaria control, but the fight against the disease is far from being over. The history of 6 mathematical modeling of malaria spread is more than hundred years old. Recently, a model was proposed in 7 the literature that captures the dynamics of malaria transmission by taking into account the behavior and life 8 cycle of the mosquito and its interaction with the human population. We modify this model by including the 9 effect of an anti-parasitic medication, ivermectin, on several threshold parameters, which can determine the 10 spread of malaria. The modified model takes a form of a system of nonlinear ordinary differential equations.
as well as the human population can be either susceptible or infected. The model utilizes parameters such as 99 flow rates of mosquitoes to and from human habitats, probabilities of mosquitoes successfully taking blood 100 from a human, and birth and death rates to capture the dynamics of the disease as accurately as possible.
101
For the portion of the model related to humans, birth and death are constant and transitions between 102 susceptible and infected are considered. Susceptible humans that have blood taken by an infected mosquito 103 become infected, and infected humans can also naturally recover at a slow rate. Within the mosquito 104 population, the vectors are born and die, and also transfer between each of the three life cycles, as well as 105 being either infected or susceptible. Susceptible mosquitoes can become infected by feeding on an infected 106 human. The variables and parameters used in the model are described in the Tables 1 and 2 respectively.
107
For a more technical, in depth description of the model, see [7] .
108
As described above, the effect of ivermectin on the transmission of malaria is that mosquitoes which 109 take a blood meal from a medicated human will die before returning to the breeding site and successfully 110 reproducing. We assume that staggered doses of ivermectin will be given consistently to some portion M 111 of the population, thus that portion of the population will always have a large enough concentration of the Fed mosquitoes rate of return to the breeding site.
Rate of mosquito attraction to humans. µ h , µ u , µ v , µ w Human and mosquito death rates. λ v (S r ) birth rate of the resting mosquitoes (note: no other mosquitoes give birth). r h Human recovery rate from malaria.
Flow rate of susceptible and questing mosquitoes to humans. β h Flow rate of infectious and questing mosquitoes to humans. p Probability of blood being taken from a susceptible human by a susceptible mosquito. q Probability of blood being taken from an infected human by a susceptible mosquito. p 1 Probability of blood being taken from an infected human by an infectious mosquito. q 1 Probability of blood being taken from an susceptible human by an infectious mosquito.
M
The portion of humans which have mosquito killing levels ivermectin in their blood.
L
The mosquito carrying capacity in the local environment. Table 2 : The parameter descriptions for system (1) .
drug in their system to kill the mosquitoes. The result is the following model,
with the equations for the total populations of mosquitoes and humans
N m = pβ v S h S f (1 − M ) + a v (λ v (S r )S r + λ v (I r )I r ) (2b)
The effect of ivermectin is captured through the scaling of the questing mosquitoes which successfully take 115 a blood meal by ratio of the humans medicated with the drug. In the system, the two terms in which are we change the original model by scaling the mosquitoes entering the fed life stage by a constant (1 − M ).
119
In this constant, M represents a proportion of the human population which are medicated with the drug 120 ivermectin.
121
The system (1) also requires appropriate initial conditions in the form
Positivity, Uniqueness of Solution, and Boundedness

123
Since the variables in this model represent populations, their values are non-negative. Therefore, we use a
Since the right hand side of the equations in (1) 
there exists a unique solution to the system for all t. Also note that if N m (0) > 0 then N m (t) > 0 for all t
128
and if N m (0) = 0 then N m (t) = 0 for all t. The same holds for the human population, N h . Additionally we 129 note the following result for the mosquito population.
We now scale the model by introducing dimensionless variables. Noting that S h = N h − I h , we introduce 135 the new variables:
and the dimensionless parameter groupings:
to yield new parameters for the model. System (1) now takes the form:
where the dots now represent the derivative with respect to τ . A feasible region for the parameter space is In the absence of malaria, i h = 0, i r = 0, i q = 0, i f = 0, and our model (5) reduces to:
We identify a threshold parameter R * with the properties stated in the Theorems (4.1) and (4.2), where
Theorem 4.1. The threshold parameter R * has the following properties:
146
• If R * ≤ 1, there exists only the trivial steady state, E 0 = (s * r , s * q , s * f ) = (0, 0, 0).
147
• If R * > 1, there exists, in addition to the tivial steady state E 0 , a non-trivial steady state
Proof. We find the steady state solutions to system (6) by setting the right hand side of that system equal 149 to zero and solving the resulting system of equations. It is straightforward calculation to verify that the 150 existence of realistic steady state solutions as given by (7) and that if R * > 1 then E 1 as given in (8) 
Then when R * > 1, the non-trivial steady state E 1 is linearly stable to small perturbations whenever
and can be driven to instability via a Hopf bifurcation at the point in the parameter space where
Proof. Stability of steady state solutions to the system (5) is determined by the signs of the eigenvalues of 161 the linearized system at the steady state, namely 
where Y and Z are as stated in Equation (9). It then follows that at E 0 , s * r = 0, and all solutions to Equation have a long term effect on the population of mosquitoes.
175
Remark 4.3. We note that the condition Y Z − X(R * − 1) > 0 is equivalent to
in the (γ, λ 0 ) space. Thus the conditions for a Hopf Bifurcation to occur are both
Theorem 4.3. The trivial steady state E 1 is globally and asymptotically stable whenever R * ≤ 1. to curtail the spread of the disease. This phenomena is discussed further in Section 4.5.
189
To calculate R 0 we use the next generation method where R 0 is the spectral radius of the next generation 
From these we obtain the eigenvalue
and, in dimensionless parameters,
We note here that, since R * > 1 and 0 steady state as in [7] . That is, we use the value
The squaring ofR 0 to obtain R 0 is due to the fact that the transmission of malaria takes place via the 200 mosquito, so the mosquito must bite two humans to transmit the disease. That is, the mosquito must first 201 bite the single introduced infectious individual and then bite one of the susceptible individuals. 
where R * is defined in (7) and either zero one or two endemic steady states,
whose existence are determined by the size of the threshold parameter R 0 and the value of the parameters
When E e exists it can be written in terms of i * f , the scaled endemic steady state of infectious, fed, mosquitoes.
208
Proof. The steady states of the malaria model are found by setting the right hand side of (5) 
where i * f is a positive solution to the equation
with A 1 and A 2 given by (12) . Solving for i * f we obtain
whose existence as a real and positive solution is determined by the size and sign of A 1 and A 2 , leading to 214 the possibility of zero, one, or two solutions.
There can be no mosquitoes and thus no malaria. There can be mosquitoes but no malaria. 
2. If A 2 > 0, A 1 = 0, and ∆ > 0 the unique endemic steady state is defined by
3. If A 2 > 0, A 1 > 0, and ∆ > 0 the unique endemic steady state is represented by the equations in (16), however, the steady state values will differ numerically since there is a change in the sign of A 1 . + 4A 2 , the discriminant of Equation (15). Lines which are broken contain no realistic endemic steady states, while lines which are solid contain realistic endemic steady states. We note here that the condition R 0 > 1 is equivalent to A 2 > 0 and R 0 < 1 is equivalent to A 2 < 0. Here we can see that by changing the signs of A 1 , A 2 , and ∆, all of which depend on M , we can control the number of realistic endemic steady states. 
5. If A 2 < 0, A 1 > 0, and ∆ > 0 the model has feasible endemic steady states defined by
6. If A 2 < 0, A 1 > 0, and ∆ = 0 the unique endemic steady state is defined by
Otherwise there exists no endemic steady states. Thus the importance of seeking values of M between zero 232 and one which can change A 1 , A 2 , and ∆ so that there exists no endemic steady state is clear. 
Stability of Steady States
234
We now analyze the linear stability of the system in (5). We linearize the system about the steady state
Proposition 4.1. The trivial steady state is linearly stable to small perturbations whenever R * ≤ 1 and 239 unstable when R * > 1.
240
Proof. To determine the linear stability of the trivial steady state we find the eigenvalues of the Jacobian 241 matrix evaluated at E 0 = (0, 0, 0, 0, 0, 0, 0),
If k is an eigenvalue of J(E 0 ), k is a solution to the characteristic equation
where X, Y, Z are defined in Equation (9) and
Note that X 1 > 0 since 0 ≤ δ < 1 and M < 1. Proof. To determine the linear stability of the disease free steady state we find the eigenvalues of the Jacobian
then k is a solution to the characteristic polynomial
where X, Y, Z are defined in Equation (9) 
We subtract the right hand side of Equation (25) from the left hand side and simplify to obtain
Thus any eigenvalues with positive real parts must be generated by Equation (23). This polynomial is the 267 same as the polynomial in Equation (9) so the relevant results of Theorem 4.2 carry over and E df is unstable 268 to small perturbations even when R 0 < 1 whenever states where
We compute the value of R 
293
Theorem 4.5. There is a threshold parameter
such that when M ≥ M R * , there exists only the trivial steady state E 0 .
295
Proof. Setting R * = 1 in Equation (7), we then solve the resulting equation for M to obtain (28). It is 
298
Theorem 4.6. There is a threshold parameter
such that whenever M > M R0 , R 0 < 1 and whenever M < M R0 , R 0 > 1.
Value Used Proof. Setting R 0 = 1 in Equation (11), we then solve the resulting equation for M to obtain (29). From
301
here it is clear that whenever M > M R0 , R 0 < 1 and whenever M < M R0 , R 0 > 1.
302
Remark 4.8. Whenever A 1 > 0, the model (5) undergoes a backward (subcritical) bifurcation at R 0 = 1.
303
Due to this, it is not so simple to find a bound on M such that malaria is cured. We can find a critical value To illustrate the capabilities of ivermectin we now give an example using realistic values for the original and 314 dimensionless parameters in Tables 3 and 4 respectively. In addition, we fix L = 5000, N h = 100000, and 1, 1, 1, .1, .1, .1) .
When λ 0 = 12, 18, and 100, Figures 4, 5, and 6 respectively display the regions in the M space for which 321 ivermectin can curtail the spread of malaria with or without killing the mosquito population. The signs of 322 A 1 , A 2 , and ∆ as well as the size of R * in each region can be seen in Table 5 . Table 5 . The thick region between A and C is the region in which curing malaria with ivermectin may be possible, without killing the mosquitoes. Table 5 . When M < F , the model displays oscillatory instability in the steady states due to the Hopf Bifurcation. However, when M > F , the Hopf Bifurcation does not occur, and the steady state is stable.
The region represented by the thick line between A and C is the region in which eliminating malaria 324 with ivermectin may be possible, without killing the mosquitoes. The region to the right of C is the area in 325 which ivermectin can curtail the spread of malaria, but only by killing all the mosquitoes. The area to the 326 left of A is the region in which ivermectin will have no effect on the spread of malaria. In Figure 6 , F is the 327 point in the M space at which a Hopf bifurcation occurs when λ 0 = 100.
328
Figures 7-10 demonstrate the possible effects of ivermectin in the presence of disease when λ 0 = 12. 1, 1, 1, .01 , .01, .01). We find the threshold for the initial conditions of i h (0), i r (0), i q (0), and i f (0) to be about .081 when M = .3. That is, when i h (0), i r (0), i q (0), i f (0) > .081, the disease flourishes. However, when i h (0), i r (0), i q (0), i f (0) < .081, the disease dies out over time. Tables 3 and 4 with λ 0 = 12 and M = .45 we get the values R 0 = −.3147 and R * = .9057. Thus, the malaria outbreak is curtailed at the cost of killing of the entire mosquito population, as demonstrated in the plot generated by the initial condition 1, 1, 1, .1, .1, .1 ).
When λ 0 = 100, numerical simulations demonstrating the oscillations caused by the Hopf bifurcation at Tables 3 and 4 with λ 0 = 100 and M = .3, the oscillatory solutions are curtailed because when λ 0 = 100, M Hopf = .2149 and M > .2149. This is demonstrated in the plot generated by the initial condition (i h (0), s r (0), s q (0), s f (0), i r (0), i q (0), i f (0)) = (0, 1, 1, 1, 0, 0, 0). Here we calculate the eigenvalues of Equation (10) to be −2.6975, −0.0437 + 1.5271i and −0.0437 + 1.5271i, so we have a stable equilibrium.
Biological Implications, and Conclusions
From our system analysis and numerical simulations, we can conclude that there are potentially realistic 333 situations in which ivermectin can be used to curtail the spread of malaria. We suggest that ivermectin 334 would be particularly useful when combined with other methods of malaria control, such as the reduction of 335 breeding sites and use of mosquito nets, since lowering λ 0 not only lowers the amount of medication needed, 336 but also widens the range of values of M that can be used to cure malaria, without killing the local population 337 of mosquitoes. In addition, the existence of backwards bifurcation suggests that early intervention may be 338 particularly important when using ivermectin to fight malaria. Our numerical simulations showed that in 339 some cases it doesn't take much medication to curtail the spread of the disease when the initial conditions 340 are small enough, but higher levels are needed once the disease has taken hold of a population.
341
Our results also suggest that a drug similar to ivermectin, but with a longer half life, could be particularly anytime would be logistically challenging. Thus, if a drug with a similar effect, but a longer half life were to 346 be discovered, it would be substantially easier to keep higher percentages of people medicated.
347
The presence of osculations in the steady states, which are not produced by seasonal forces, was first 348 discovered in [7] . Our adapted model with consideration of the drug ivermectin, shows that there is the 349 possibility of eliminating the occurrence of the Hopf bifurcation, and thus eliminating the oscillatory solu-350 tions. In fact, we find that relatively low levels of ivermectin are required to eliminate the occurrence of 351 these oscillations.
352
The analysis in [7] noted the importance of the parameter λ 0 in the control of malaria. The parameter 
Further Investigation
361
The parameter space of this model is so vast that one could spend substantial time exploring the possible 362 outcomes in regards to λ 0 and M . In particular, one could search for specific regions in the parameter space 363 where malaria can be eliminated by changes in λ 0 and M and regions in which it cannot. In addition to 364 further numerical study of the parameter space, one could make modifications to the model to make it more 365 accurate or study different scenarios. For example, one may wish to investigate a model in which disease 366 related deaths are considered in the human population, or in which multiple populations of humans interact.
367
In addition, as an anonymous reviewer suggested, one could modify the current model to take into account 368 the waning efficiency of the drug over time. by NSF research grant DMS-1311313, to A. Ghazaryan.
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